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Seismic Stability Indices of Earth Structure
M.P. Singh, Associate Professor
Department of Engineering Science and Mechanics, Virginia Polytechnic Institute and State
University, Blacksburg, Virginia

SYNOPSIS
Indices like cyclic damage and factor of safety are often used to quantify stability of soil
systems subjected to earthquake loads.
The methods used to obtain these indices are described; the
relationship between cyclic damage and factor of safety through the concept of uniform stress
equivalent time history is explored.
For evaluation of a soil system design, the use of a direct
approach is proposed.
Evaluation of this approach by a simulation study is outlined. This approach,
can use response spectra directly as seismic design input, and it provides an acceptable procedure
for seismic stability prediction of soil systems.

INTRODUCTION

DESIGN EVALUATION BY TIME HISTORY ANALYSIS

To evaluate important soil systems subjected
to seismic environment, seismic stability
indices like cylic damage and factor of safety
are often obtained.
These quantities measure
the extent of strength degradation in soil
systems like foundation, slopes or earth dams
when they are subjected to earthquake induced
ground motion.
This degradation may lead to
liquefaction in saturated sandy soils or
excessive deformation in clayey soils. The
effect of this strength degradation may also
be related to physical failure of systems like
slopes and dams during an earthquake.

To obtain stability indices for a design evaluation by time history, an ensemble of representative earthquake motions should be used. For
design earthquakes characterized by a set of
response spectra curves, these representative
motions could be generated artificially
(Gasparini & Vanmarcke, 1976). Or alternatively,
the earthquake motions initially chosen to
obtain the design spectra could also be used.
To obtain the stability indices for a given
earthquake time history, the system is first
analyzed to obtain stress response time histories, which are required in stability calcutions, at desired locations.
'l'o obtain stress
time histories in a soil structure, the continuum is subdivided or discretized into its
finite elements. The multidegree freedom
equations of motion or the wave propagation
equations are then solved to obtain the desired
response.
The analysis problem involves certain complications because of material nonlinearity of soil during loading and unloading
phase.

As many possible earthquake motions can occur
at a site, a soil system should be analyzed to
obtain the stability indices for an ensemble
of earthquake motions. Often design earthquakes at a site are also characterized by
design response spectra curves (Hausner, 1970,
Newmark, et al, 1973).
Such a characterization
is more convenient (though not necessarily
more precise) to define.
For evaluation of a
soil system for such design seismic inputs,
either the spectra curves directly or an
ensemble of motions represented by spectra
curves should be used in the analysis.

Under cyclic loading, soils usually behave
hysteretically. That is, the stress-strain
path forms a hysteresis loop. The dynamic
analysis of a multidegree-of-freedom finite
element system with such material nonlinearity
can be performed by step-by-step numerical integration technique in which in each step of
integration the material stiffness properties
are changed according to the prescribed stressstrain curve. Because of finite element discretization, this approach can be used with any
combination of materials and boundaries in the
soil system. However, such numerical analyses,
though feasible, are very cumbersome and
expensive.
They are, therefore, rarely used in
dynamic analysis of soil systems.

The currently available response analysis
procedures are geared to accept earthquakes
defined by time history of the motion. With
such procedures, the analytical steps and some
details of the methodology used to obtain the
stability indices for a given earthquake
motion time history are described herein. A
procedure in which response spectra are directly
used as seismic input in the analysis is also
described.
Herein, this procedure is referred
to as direct procedure.
The results of a simulation study show that this direct procedures
can be used, with computational advantage, to
obtain a conservative prediction of seismic
stability.

To avoid the high computational cost involved
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in the step-by-step nonlinear analyses,
Streeter, et al (1974), have devised a numerical scheme in which the vibration problem of
the continuum is solved as a wave propagation
problem by the method of characteristics. However, the solution for such a problem has been
available only for some simple one dimensional
soil system boundaries, i.e. layered soil
strata.
The solutions for two dimensional
problem of dams or slopes have also been
developed (Papadakis, 1973) with some further
adjustments. The solutions for other general
shapes of the soil systems with possibly different materials (e.g. the core and body of an
earth dam) have not been obtained, though some
encouraging initial efforts have been reported
(Ayala, et al, 1978).
For layered strata, with nonlinear hysteretic
soil behavior, the method of characteristics,
probably, provides the best available solution.
Using this procedure, the stress response time
histories can be obtained at some given points
in the soil strata.
These time histories can
then be further processed to obtain stability
indices like cyclic damage and factor of
safety, as described in the following section.
Another commonly used approach for time history
analysis of soil systems with hyteretic soil
properties is the equivalent linear approach,
initially developed by Seed et al (1967).
In
this approach, the hysteretic soil behavior is
equivalently characterized by strain dependent
shear modulus and viscous damping ratio curves
(Seed & Idriss, 1970).
The shear modulus at a
strain level is the secant modulus of the
hysterstic loop and the viscous damping ratio
is related to the loss of energy in a cycle
which is the area enclosed in the hysteresis
loop.
These characteristics, obviously depend
upon the maximum strain of the hysteresis loop.
For a hysteretic loop defined by Ramberg-Osgood
(1943) relationshiops with certain shape paramters, a typical set of strain dependent properties are shown in Fig. 1.
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MODULUS AND DAMPING RATIOS

CALCULATION OF CYCLIC DA}~GE AND FACTOR OF
SAFETY FOR A STRESS RESPONSE TIME HISTORY
All soils suffer a gradual degradation in their
effective strength when subjected to cyclic
stress.
In sandy soils this degradation is as
a result of gradual build up of intergranular
pore water pressure which manifests itself in
the form of liquefaction phenomenon. In
clayey soils, a successive buildup of strains
gives large deformations which finally render
it unserviceable for load carrying purposes.
This gradual degradation is often called cyclic
damage (Lee & Chan, 1972, Annaki & Lee, 1976)
and it is analogous to the cyclic damage in
metals which characterizes fatigue.
The cyclic
damage in metals is quantified in terms of
cumulative damage, which is often evaluated on
the basis of Palmgren and Miners hypothesis.
The same idea has now been bcrrowed to quantify
cyclic damage in soils due to earthquake
induced stresses .
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~
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In the equivalent linear approach, an iterative
procedure is used in which in each iteration a
linear analysis is performed. A more efficient
wave propagation approach can be used for one
dimensional problems (Schnabel, et al, 1972) or
multidegree-finite-element approach could be
used for soil systems with more general boundary condition (Idriss, et al, 1974).
In
either formulation, the soil properties obtained from the strain dependent curves, Fig. 1,
for a strain level equal to a constant fraction
of maximum strain, are used in the analysis.
Thus in a one-dimensional problem each layer
and in a two-dimensional problem each finite
element will have soil properties which will
depend on the maximum strain in them.
These
properties are assumed to remain constant in
each iteration of the analysis.
The new properties corresponding to the level of strain
obtained in the most recent iteration are used
in the next iteration.
In the final iteration
the soil properties used are consistent with
the level of strain in all the layers or the
finite elements.
The stress response time
history obtained in the final iteration are
used for the calculation of cyclic damage or
factor of safety as follows.

According to this hypothesis, the cyclic damage
is defined as the ratio of the applied number
of cycles of a particular stress amplitude to
the number of cycles the soil can take up to
failure (incipient liquefaction or allowable
percent strain), and the damages due to the applications of different amplitude stress cycles
can be linearly added to obtain the total damage.
Furthermore the sequence in which different stress cycles are applied, is assumed to
be immaterial as far as the magnitude of the
total damage.
This makes the hypothesis especially suitable for calculation of cyclic
damage in soils due to randomly varying earthquake stresses.
For the calculation of cyclic damage as defined
above, the information on the number of stress
cycles applied to cause soil failure at various
stress levels is required.
This information is
obtained by experiments on the soil specimens.
A plot of stress magnitudes (often nondimen-
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sionalized) versus the number of cycles-tofailure, N, is usually called a~-N curve.
When plotted on log-log scale such a plot may
be a straight line, though nonlinear log-log SN curves have also been obtained.
Fig. 2
shows a typical nonlinear log-log S-N curve.
For a linear log-log S-N curve, the equation
relating the stress S with the number of cycles
N can be written as

ween two consecutive zero crossings of the time
history for calculation of cyclic damage.
For a linear log-log S-N curve represented by
Eq. 1, the damage expressed by Eq. 2, can also
be written in the following form:
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where 1/b represent the slope of the straight
line and (C)l/b represents the intercept at N
1.
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The numerical scanning of a stress time history
to locate its peaks and valleys can be easily
affected by constructing a discrete valued time
history of the derivative of stress and then
identifying its zero crossings. Where a stress
derivative changes its value from positive to
negative it identifies a peak and a change
from negative to positive a valley. See Fig.
3.
Only the peaks on the positive side and the
valleys on the negative sides are to be considered in the calculation of damage by Eq. 2.
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Fig. 2.
RELATIONSHIP BETWEEN CYCLIC DAMAGE,
FACTOR OF SAFETY, AND STRESS AMPLITUDE AND
CYCLES
To obtain cyclic damage at a point in a soil
with a given S-N curve and irregular stress
time history, first various cycles in the time
history are identified.
In an irregular stress
time history, a positive peak is not necessarily followed by a negative peak, and thus
stress cycles are not readily apparent.
However, on an average for a zero mean time history, there will be a negative peak for every
positive one, though it may not immediately
follow the latter.
Thus each positive or
negative peak may be assumed to represent a
half cycle of stress with stress amplitude
being equal to magnitude of the peak. For a
peak of magnitude Si, the associated damage
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will then be equal to (l/2Ni) where Ni = the
number of stress cycles-to-failure corresponding to the stress magnitude of Si.
The

Fig. 3.

total damage due to a stress time history,
considering all the positive and negative peaks
can, therefore, be written as:

A cyclic damage value of 1.0 clearly signifies
failure, but any other value does not give a
clear idea about the available margin of safety.
It is because the cyclic damage, unlike factor
of safety, is not a linear measure of safety.
The factor of safety, commonly used in civil
engineering practice, makes a linear comparison
of load (demand) against resistance (supply)
and thus clearly tells about the margin of
safety that is available in a design.
Realizing the difficulty of quantifying stability
by cyclic damage, the use of conventional
factor of safety instead has been explored. A
novel concept of equivalent uniform stress time
history originally developed by Seed & Idriss
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in which Np
number of posLtLve peaks and Nv
=number of negative valleys.
If a stress time
history has a significant amount of high
frequency contribution, the total number of
peak-count may get exaggerated.
In such cases,
it is probably more appropriate to consider
only the highest peaks and lowest valleys bet-

PEAK SCANNING OF A TIME HISTORY
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(1967, 1975) can be conveniently used to quantify soil stability by factor of safe~y. An
irregular stress time history at a po~nt in a
soil is equivalent to a uniform stress (amplitude) time history if the cyclic damages in the
soil due to the two time histories are the
same.
There are infinite combinations of
stress amplitude Se and number of cycles Ne
which would induce the same amount of damage
and the locus of all these (Ne, Se) values is a
constant damage curve. Relative to the S-N
curve (a constant damage curve for a value of
1.0) on log-log scale, a constant damage curve
is at a constant horizontal distance of log D.
See Fig. 2.

can also be made based on the method of stochastic linearization.
See Singh & Khatua
(1978).
Since no time history of response is obtained
in this approach, a different procedure is used
to obtain cyclic damage and factor of safety.
(This procedure is, however, equivalent to the
procedure described in the preceding section
for a stress response time history.) The
procedure requires the probability density
funct~on of peaks.
Assuming stationarity of
response with peak density function of fs(s),
the expected value of the cumulative damage can
be obtained as follows (Lin, 1966)

For a given amount of damage and the number of
cycles Ne, a uniform stress time history defines a uniform level of stress which will
cause that damage.
This (uniform) stress level
(the load) can now be conveniently compared
with another (uniform) stress level (resistance) which will cause failure if applied with
the same number of cycles; this latter stress
level is defined by the S-N curve.
The ratio
of these two stress levels defines the factor
of safety in a conventional sense.
In Fig. 4,
the logarithm of this ratio represents the
vertical separation of the two curves.
For
nonlinear log-log S-N curve, this vertical
separation of curves is different at different
points. That is, the factor of safety value
will depend upon the choice of Ne (or Se) used
to define the uniform stress time history.
To
obtain a fixed value of factor of safety, some
weighting schemes, as described by Singh &
Khatua (1968) may be used.
For a linear loglog S-N curve, however, the factor of safety
value will not depend upon Ne.
In fact, it has
been shown (Singh
to D-l/b.

& Khatua, 1968) to be equal

DESIGN EVALUATION BY A DIRECT APPROACH
To avoid the use of an ensemble of earthquake
time histories as design input in a design
evaluation process, a direct approach has been
formulated (Singh & Khatua, 1978).
This
approach is similar to the equivalent linear
approach in many respects, but the step-by-step
time history analysis is not required.
The
seismic design input prescribed in the form of
response spectra are directly used.
The
approach is iterative and uses the strain
dependent soil properties as does the equivalent linear approach. However, since the input
defined in the form of response spectra is
used, the response values in an iteration are
obtained by the response spectrum method of
analysis.
That is, the modal analysis approach
is used to obtain the response by Square-Rootof-the-Sum-of-the Squares type of procedures.
See Singh & Chu (1976).
This approach is
geared to finite element discretization of a
continuum.
The choice of soil properties to be used in an
iteration can be made the same way as is done
in the equivalent linear time history approach.
A less subjective choice of the soil properties

(5)

in which S = g(N) defines a generalized S-N. M
number of peaks per unit time and T = curve
equivalent stationary duration of the response
(see Hou, 1968 and Singh & Ashtiany 1980).
The
parameters of the spectral density functions
are:
the standard deviation of stress response
and bandwidth factor which is the ratio of the
expected number of zero crossings to the number
of peaks.
The equivalent linear analysis with
response spectrum approach can be used to
obtain these quantities (Singh & Ashtiany
1980).
=

The assumption of stationarity for earthquake
induced stresses is obviously not valid. However, it does not affect the calculation of
maximum response, like maximum stresses, maximum strains, because the input spectra used in
the analysis does incorporate the nonstationarity of earthquake motion and response. The
effect of nonstationarity on damage is significant, and must be included in its evaluation.
An easiest way to include this is through a
proper selection of T, the equivalent earthquake
duration.
The equivalent duration should be
such that when considered with f (s) it should
provide a correct count and magnttude distribution of peaks as it would appear in a nonstationary response. A significant amount of
analytical development work will be required to
obtain such an equivalent duration.
However,
it has been observed that use of one fourth the
strong duration phase of input motion as T,
with fs(s) obtained with stationary assumption,
will provide a conservative prediction of
cyclic damage, and factor of safety (Singh
Ashtiany, 1980).
See Fig. 5.

&

Simulation Study
To examine the applicability of the direct
approach to soil stability problem, a simulation study was performed in which the response
and seismic stability indices of a horizontal
soil strata were obtained by the direct approach
and for an ensemble of time histories.
Only a
layered starta was examined, because truly nonlinear solution for such a system could be
obtained with computational ease using the
program CHARSOIL (Streeter et al., 1974).
For
two dimensional cases, the nonlinear approach
still seem to be in developmental stage. The
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proposed approach, however, uses finite element
formulation and thus it can be used with two
and three dimensional problems as well.
To obtain comparable results, consistent soil
properties and seismic input were used in the
two approaches.
In the nonlinear approach the
soil properties were defined by the RambergOsgood relationships, whereas in the direct
approach stiffness and energy dissipation properties were defined by equivalent strain dependent shear moduli and damping ratio curves,
Fig. 1. Although the strain dependent representation may not necessarily be completely
consistent with Ramberg-Osgood representation,
it is widely used in equivalent linear
approaches.
The comparison of numerical
results obtained by nonlinear and equivalent
linear approaches also seem to indicate the
appropriateness of using such strain dependent
properties.
Use of strain dependent damping ratio in
formulating the system damping matrix poses
another problem. The practice has been to
obtain damping matrix for each element by a
linear combination elemental mass and stiffness
matrix (similar to proportional Raleigh
damping) as

diction of factor of safety values. Also, if
it is assumed that the earthquake motion is a
stationary random process, then equivalent
duration used in the calculation of damage and
factor of safety should be much smaller than
the strong motion phase. A value of 1/4 the
strong motion phase will still provide a conservative prediction of safety.
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For consistency of the seismic imputs in the
two approaches, a large ensemble of earthquake
motions with a given spectral character (a wide
band spectral density function) was generated.
Also a set of averaged response spectra was
obtained for this time history ensemble. The
earthquake time histories were used in the
nonlinear time history approach and the averaged spectra in the direct approach.
Fig. 4 shows the variation of maximum stress
with depth in the layered media, obtained by
the direct approach and nonlinear analysis.
(The nonlinear analysis values are the average
values of 54 time histories.) The comparison
is encouraging. Also shown are the factor of
safety values in various layers in Fig. 5.
The
artificially generated earthquakes had a strong
motion phase of four seconds in their intensity
modulation function.
The factor of safety
values shown in the Fig. 5 are obtained for
equivalent duration values of 1.00 and 2.00
sees.
It is seen that the procedure used in
the direct approach gives a conservative pre-
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and then finally assemble the element damping
matrices.
Here [cq], [mqJ and [kq] are the
damping, mass and stiffness matrices for the
qth element; and, as suggested by Idriss et
al. (1974), a= Aqwl and S = Aq/w 1 , where Aq
the damping ratio for element q and w = the
1
fundamental frequency of the system.
This
method of defining a and S damped out the
higher modes. An alternative least squa~es
procedure has been used by Singh and Ashtiany
(1981) to obtain a and S which provided a
better distribution of damping ratio in various
modes of the system, and also provided a better
comparison of the results of the direct
approach with the results of the nonlinear
approach.
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CONCLUDING REMARKS
Concepts of cyclic damage and factor of safety,
and their evaluation procedure, as used in
seismic stability of soil systems are discussed. An approach in which commonly used
form of seismic design input - the response
spectra curves - can be directly used in a
design evaluation of a soil system is presented.
The comparison of the results obtained by this
direct approach with the results of a nonlinear
simulation analysis procedure indicates that
the direct approach is appropriate to obtain
the maximum response and to conservatively
estimate seismic stability indices.
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